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involved (in particular, higher-loop) calculations. As a first step toward elaborating such
supergraph techniques, we develop in this letter a manifestly supersymmetric formulation
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reduce 5D superspace actions to a hybrid form which keeps manifest only the 4D, N =1
Poincaré supersymmetry. (Previously, such hybrid actions were carefully worked out by
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of this formalism for model building applications, two families of off-shell supersymmetric
nonlinear sigma-models in five dimensions are presented (including those with cotangent
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tion maximally clear and self-contained, on the techniques of 5D harmonic and projective
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1. Introduction

Supersymmetric field theories in dimensions higher than the four accessible in our every-
day experiences have been contemplated for many years now. Besides being forced on us
by our current understanding of superstring theory, it has also proven to be of possible
phenomenological importance in which discipline such theories are known as supersym-
metric “brane-world” models [[]-[]. Currently, this type of theory is being used by various
groups in attempts to implement supersymmetry breaking in a manner consistent with the
stringent bounds coming from flavor changing neutral currents. One particular application
uses a supersymmetric gravitational theory in a five-dimensional spacetime of which the
“extra” spacial dimension is a compact interval of some length® ¢ [}, {]. At each end of the

Lo

Figure 1: The orbifold construction.

interval is a copy of 4D Minkowski spacetime (the branes). Brane world models consist of
postulating that the standard model of particle physics is localized on one of these branes
(the “visible” or “infra-red” brane) while other fields propagate in the interior (“bulk”) of
the 5D spacetime or on the other “hidden” (or “ultraviolet”) brane (see figure ff). In the
particular model under consideration, supersymmetry is broken on the hidden brane by
allowing the F- (or D-term [f]) of some field localized on that brane to acquire a vacuum
expectation value. This is then communicated to our brane by super-graviton loops in the
bulk which induce the breakdown of supersymmetry on the standard model brane. The
final result is a four-dimensional effective action for the standard model fields on the visible
brane.

Needless to say, calculations such as that of gravitational loop corrections are difficult
to perform in components (although it was done in [ at one loop). On the other hand, it
is commonly believed that the development of a full-fledged 5D superspace formulation has
the annoying drawback that the result, which is desired to be a four-dimensional effective
action, is given in a complicated form. More exactly, the output of such an effort is man-

ifestly supersymmetric in five dimensions and must be dimensionally reduced in the final

'An elegant way of constructing such a space is to start with a 5D Minkowski space and toroidally
compactify one of the spacial directions, producing a space of topology R* x S'. One subsequently defines
a non-free action of Zs on the circle which has two antipodal fixed points (i.e. a reflection through a
“diameter”) and mods the circle by this action. Since the action was not free, the quotient S*/Zs is not a
smooth manifold (figure ﬂ) Nevertheless it is a manifold-with-boundary diffeomorphic to the closed finite
interval [0, 1]. The “orbifold” R* x (S*/Z2) has as boundary two hyperplanes (the “orbifold fixed planes”),
each isometric to a 4D Minkowski space, at the fixed points of the Zs action.
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Figure 2: The 5D brane-world scenario of the gravitational mediation of supersymmetry breaking
in the standard model. The F-term of a chiral field X on the hidden brane acquires a vacuum
excitation value. This is then communicated to the standard model (visible) brane by gravitational
messengers propagating through the bulk.

stages of the calculation. For this reason a “hybrid” formalism was developed for supergrav-
ity in five dimensions which keeps manifest only 4D, A" = 1 super-Poincaré invariance [§].
This hybrid is given in terms of supergravity prepotentials which allows one to apply the
powerful supergraph techniques necessary for perturbative quantum calculations. Indeed,
in [0 it was used to compute, in a more economical way than in the component approach
of [[i], the leading gravity loop contribution to supersymmetry breakdown described above
in a very simple way.

Although the formalism was successfully extended to allow a “warping” of the ex-
tra dimension and the gravity-mediation scenario investigated in this background [i()], it
has a major drawback which arises as follows. This approach is essentially a superfield
Noether procedure in which one starts with a linearized supergravity action, and then
tries to reconstruct interaction terms, order by order, by consistently deforming the gauge
transformations, etc. Usually the Noether procedure can be completed if it requires a finite
number of iterations, as is the case with polynomial actions. But superfield supergravity
is a highly nonlinear theory in terms of its prepotentials (see [T, [J] for reviews). As a
result, the limitations of this hybrid approach are called into question. More importantly,
it turns out to be difficult to discover the rules governing the coupling of this theory to
other matter fields in the bulk. In the end, we are forced to turn to the known (full-fledged)
off-shell formulations for 5D simple supergravity,? with or without supersymmetric matter,
in the hope of deducing a useful superfield formulation.

Off-shell 5D simple supergravity was sketched in superspace, a quarter century ago,
by Breitenlohner and Kabelschacht [[[3] and Howe [[[4] (building on a related work [[[g]).
More recently, it was carefully elaborated by Zucker [[f] at the component level, and finally
perfected in [[7, [§ within the superconformal tensor calculus.

2We prefer to use the term “5D simple supergravity,” since in the literature 5D simple supersymmetry
is called sometimes A/ = 1 and sometimes N' = 2, depending upon taste and background.



Using the results of the 5D superconformal tensor calculus for supergravity-matter
systems, one can develop a hybrid N' = 1 superspace formalism by fitting the component
multiplets into superfields. Such a program has been carried out in [[J]. Although useful
for tree-level phenomenological applications, we believe this approach is not the optimum
(economical) formulation for doing supergraph loop calculations. The point is that the
superconformal tensor calculus usually corresponds to a Wess-Zumino gauge in superfield
supergravity. But such gauge conditions are impractical as far as supergraph calculations
are concerned.

When comparing the superconformal tensor calculus for 5D simple supergravity [17, g
with that for 4D, N' = 2 and 6D, N = (1,0) supergravities (see [17, [[d] for the relevant
references), it is simply staggering how similar these formulations are, modulo some fine
details. From the point of view of a superspace practitioner, the reason for this similarity
is that the three versions of superconformal calculus are generated from (correspond to a
Wess-Zumino gauge for) a harmonic superspace formulation for the corresponding super-
gravity theory, and such harmonic superspace formulations® look almost identical in the
space-time dimensions 4, 5 and 6, again modulo fine details. For example, independent
of the space-time dimension, the Yang-Mills supermultiplet is described by (formally) the
same gauge superfield V¥, with the same gauge freedom 6V = —DTT )\, and with the

same Wess-Zumino-type gauge
iV = 0T A, (2) + 071207 Az () + 07190  Ag(z) + O(6%),

where 67 is a four-component anticommuting spinor variable, and m = 0, 1,2, 3.

The concept of harmonic superspace was originally developed for 4D, N' = 2 super-
symmetric theories including supergravity [R0], and by now it has become a textbook
subject* [R1]. Actually it can be argued that harmonic superspace is a natural framework
for all supersymmetric theories with eight supercharges, both at the classical and quantum
levels. In the case of four space-time dimensions, probably the main objection to this ap-
proach was the issue that theories in harmonic superspace are often difficult to reduce to
N =1 superfields (the kind of reduction which brane-world practitioners often need). But
this objection has been lifted since the advent and subsequent perfection of 4D, N/ = 2
projective superspace [R3, B4] which allows a nice reduction to V' = 1 superfields and which
appears to be a truncated version of the harmonic superspace [RJ].

What is the difference between harmonic superspace and projective superspace? In five
space-time dimensions (to be concrete), they make use of the same supermanifold ROI8 % 52,
with R®/® the conventional 5D simple superspace. In harmonic superspace, one deals with
so-called Grassmann analytic (also known as twisted chiral) superfields that are chosen to
be smooth tensor fields on S2. In projective superspace, one also deals with Grassmann
analytic superfields that are holomorphic functions on an open subset of S2. It is clear
that the harmonic superspace setting is more general. Actually, many results originally

3The harmonic superspace formulation for 4D, N' = 2 supergravity is reviewed in the book @] For
the case of 6D, N' = (1,0) supergravity, such a formulation was constructed in [@], and it can be used to
derive a relevant formulation for 5D simple supergravity by dimensional reduction.

4The book @] contains a list of relevant publications in the context of harmonic superspace.



obtained in projective superspace can be reproduced from harmonic superspace by applying
special truncation procedures 5. The remarkable features of projective superspace are
that (i) the projective supermultiplets are easily represented as a direct sum of standard
4D, N' = 1 superfields; (ii) this approach provides simple rules to construct low-energy
effective actions that are easily expressed in terms of 4D, N' = 1 superfields. Of course, one
could wonder why both harmonic and projective superspaces should be introduced? The
answer is that, in many respects, they are complementary to each other. (This is analogous
to the relation between the theorems of existence of solutions for differential equations and
concrete techniques to solve such equations.)

To avoid technicalities, in this paper we do not consider 5D superfield supergravity
at all, and concentrate only on developing a 5D simple superspace approach to globally
supersymmetric gauge theories. One of our main objectives is to demonstrate that 5D
superspace may be useful, even in the context of 4D effective theories with an extra di-
mension. Here we develop manifestly 5D supersymmetric techniques which, on the one
hand, allow us to construct many of the 5D supersymmetric models originally developed
within the “hybrid” formulation. One the other hand, these techniques make it possible to
construct very interesting supersymmetric nonlinear sigma-models whose construction is
practically beyond the scope of the “hybrid” formulation. Examples of such 5D supersym-
metric sigma-models are constructed for the first time below. We therefore believe that
the paper should be of some interest to both superspace experts and newcomers.

It is worth saying a few words about the global structure of this paper. We are aiming
at (i) elaborating 5D off-shell matter supermultiplets and their superfield descriptions;
(ii) developing various universal procedures to construct manifestly 5D supersymmetric
action functionals, and then applying them to specific supermultiplets; (iii) elaborating
on techniques to reduce such super-actions to 4D, N/ = 1 superfields. New elements of
5D superfield formalism are introduced only if they are essential for further consideration.
For example, the Yang-Mills off-shell supermultiplet can be realized in 5D conventional
superspace in terms of constrained superfields. In order to solve the constraints, however,
one has to introduce the concept of harmonic superspace.

This paper is organized as follows: In section J| we describe, building on earlier
work [[1§, Bd], the 5D Yang-Mills supermultiplet and its salient properties, both in the
conventional and harmonic superspaces. We also describe several off-shell realizations for
the 5D hypermultiplet. In section f] we present two procedures to construct 5D mani-
festly supersymmetric actions for multiplets with and without intrinsic central charge, and
give several examples. Section [ is devoted to 5D supersymmetric Chern-Simons theories.
Their harmonic superspace actions are given in a new form, as compared with [d], which
allows a simple reduction to the projective superspace. We also uncover the 5D origin
for the superfield constraints describing the so-called 4D, N’ = 2 nonlinear vector-tensor
multplet. In section [], some of the results developed in the previous sections are reduced
to a “hybrid” formulation which keeps manifest only 4D, N' = 1 super Poincaré symmetry.
Section f introduces 5D simple projective superspace and projective multiplets. Here we
also present two families of 5D off-shell supersymmetric nonlinear sigma-models which are
formulated, respectively, in terms of a (i) 5D tensor multiplet; (ii) 5D polar mutiplet. Sec-



tion [] deals with the vector multiplet in projective superspace. A brief conclusion is given
in section . This paper also includes three technical appendices. Appendix [A] contains
our 5D notation and conventions, inspired by those in [R7, Rg], as well as some important
identities. Appendix [B is devoted to a review of the well-known one-to-one correspon-
dence between smooth tensor fields on S? = SU(2)/U(1) and smooth scalar functions over
SU(2) with definite U(1) charges. Finally, in appendix [ we briefly demonstrate, mainly
following ], how to derive the projective superspace action (f.14) from the harmonic
superspace action (B.9).

2. 5D supersymmetric matter

2.1 Vector multiplet in conventional superspace

To describe a Yang-Mills supermultiplet in 5D simple superspace R5® parametrized by

coordinates z4 = (22, 9?) we introduce gauge-covariant derivatives®
; . é .
DA:(D@,DQ):DA—FIVA(Z), [DA’DB}:TAB DO+CABA+IFAB’ (21)
with D ; = (8@,Dé) the flat covariant derivatives obeying the anti-commutation rela-

tions (A.1H), A the central charge, and V 4 the gauge connection taking its values in the
Lie algebra of the gauge group. The connection is chosen to be inert under the central
charge transformations, [A,V;] = 0. The operators D ; possess the following gauge trans-
formation law

D; — ei7(2) D, e i) =7, [A,7] =0, (2.2)

with the gauge parameter 7(z) being arbitrary modulo the reality condition imposed. The
gauge-covariant derivatives are required to obey some constraints [[[§] such that

[D, DI} = ~2ie¥ ((ré)&é Ds+e,5(A +iW)> . [Di.A]=o0,
[D&,Dé] =i(Ta);" DIW,  [Da, D] = —i(z%)@ﬁ DiDsW =iF,, (23)

with the matrices I'y and ¥ ; defined in appendix A. Here the field strength ¥V is hermitian,
WT =W, and obeys the Bianchi identity (see e.g. []])

o 1 o
Dgpgw = 1%as DD, (2.4)
and therefore '
DSD%D’;)W =0. (2.5)
The independent component fields contained in W are:
p=W|, iV,=DiW|, —4iF,;=D},D;W|, —4iX7=DUDIW|.  (26)

Here and in what follows, U| denotes the #-independent component of a superfield U(x, 9).
It is worth noting that
F;=Fl- (2.7)

5Our notation and conventions are collected in appendix A.



2.2 Vector multiplet in harmonic superspace

The most elegant way to solve the constraints encoded in the algebra (2.3) is to use the
concept of harmonic superspace originally developed for 4D, N' = 2 supersymmetric theo-
ries R0, R1] (related ideas appeared in [Rg]). In this approach, the conventional superspace
R5® is embedded into R® x $2 where the two-sphere S? = SU(2)/U(1) is parametrized
by so-called harmonic u;~ and wu; ™, that is group elements

(wi,u;t) €SUQ), uf =eyut, (W) =wu;, utu; =1. (2.8)
As is well-known, tensor fields over S? are in a one-to-one correspondence with functions
over SU(2) possessing definite harmonic U(1) charge (see [BF] for a review). A function
() (u) is said to have harmonic U(1) charge p if

TP (et e7ioy ) = &P WP (yF u ), el =1. (2.9)

Such functions, extended to the whole harmonic superspace R?!® x S2, that is \I!(p)(z,u),
are called harmonic superfields. Introducing the harmonic derivatives [R(]

o, -0 .0 o,
++ _ ,,t+t — _ 1 0 _ ,+t ot
b =u ou=t’ b =u outt’ T
[D°, D*] = £2D** | [D™, D] = DY, (2.10)

one can see that D is the operator of harmonic U(1) charge, DO W) (2, u) = p U®)(z, u).
Defining
DA = (DA’ D++, fo’ DO) , Dii _ Dii ’ DO _ DO ’ (211)

one observes that the operators Da possess the same transformation law (R.9) as D 4.
Introduce a new basis for the spinor covariant derivatives: D;r = Dg{ u;L and D, =

D¢ u; . Then, eq. (E-3) leads to

«

{Dg,Dg}zo, [D**,Df] =0,
(D}, D7} = 2i <Dd3 teqs (A +iW)) : (2.12)
(D™, D] =Df, (D, D] =D .

In harmonic superspace, the integrability condition {DJ ,DE} = 0 is solved by
+ S0 0
Dl =e " Di e, (2.13)

for some Lie-algebra valued harmonic superfield 2 = €(z,u) of vanishing harmonic U(1)
charge, D°Q = 0. This superfield is called the bridge. The bridge possesses a richer gauge
freedom than the original T-group (R.9)

OGN | PEWEU0 TG pEa=0,  [AN=0.  (214)

The M- and 7-transformations generate, respectively, the so-called A- and 7-groups.



One can now define covariantly analytic superfields constrained by
DIo® =0. (2.15)
Here ®®)(z,u) carries U(1)-charge p, D°®® = p®®) and can be represented as follows

PP = o712P) D;Q;S(p) =0, (2.16)

with gb(p)(C) being an analytic superfield — that is, a field over the so-called analytic
subspace of the harmonic superspace parametrized by

C={x% 0T u ur}, (2.17)

7@'7]’

where

2t =2t 10, 070077, 0F =0l ud (2.18)
In particular, the gauge parameter A in (R.14) is an unconstrained analytic superfield of
vanishing harmonic U(1) charge, DY\ = 0. It is clear that the superfields ®®) and ¢®) de-

scribe the same matter multiplet but in different frames (or, equivalently, representations),
and they transform under the 7- and A-gauge groups, respectively.

P (z,u) — TP (2 u), oV (z,u) — WP (5 q) (2.19)

By construction, the analytic subspace (R.17) is closed under the supersymmetry trans-
formations. Unlike the chiral subspace, it is real with respect to the generalized conjugation
(often called the smile-conjugation) ~ [P{] defined to be the composition of the complex
conjugation (Hermitian conjugation in the case of Lie-algebra-valued superfields) with the
operation * acting on the harmonics only

(2.20)

hence
(u) = —uF (u; )’ =u". (2.21)

7

The analytic superfields of even U(1) charge may therefore be chosen to be real. In par-
ticular, the bridge ) and the gauge parameter A are real.
The covariant derivatives in the A-frame are obtained from those in the 7-frame,
eq. (B-11)), by applying the transformation
Dy — e9Dye . (2.22)
Then, the gauge transformation of the covariant derivatives becomes

Dp — MODye™™O X=X, [A,N=0. (2.23)

In the A-frame, the spinor covariant derivatives Dg coincide with the flat ones, Dg = Dg,

while the harmonic covariant derivatives acquire connections,

D = DI L ipEE (2.24)



The real connection V' is seen to be an analytic superfield, D&LV‘H' = 0, of harmonic
U(1) charge plus two, D° YT+ = 2V+. The other harmonic connection V=~ turns out to
be uniquely determined in terms of V™1 using the zero-curvature condition

DT D =D" <« DYV D VTt 4iptt v =0, (2.25)

as demonstrated in [B(]. The result is

“(z.u) = .- _ij)ntt u u V++(z7u1)v++(Z,U,2)---VJFJF(Z’un)
v ( ’ )_nZ:l( ) /d 1-..duy (u.i_uil—)(uii-u;)( 7J{u+) s (2.26)

with (u]ug) = uf"ug;, and the harmonic distributions on the right of (2:28) defined, e.g.,
in [R1]. Integration over the group manifold SU(2) is normalized according to [Rd]

/dulzl, /duua---u;uﬁ---ujm):o, n+m>0. (2.27)

As far as the connections V, and V; are concerned, they can be expressed in terms of
V~~ with the aid of the (anti-)commutation relations

D .D;] = D;

&

D}, D;} =2 (D@B +ean(A +iWA)) . (2.28)
In particular, one obtains

i, 4 L . .
Wy = g(D+)2v ,  (D")?=DteDt, (2.29)
where W, stands for the field strength in the A-frame. Therefore, YV is the single un-
constrained analytic prepotential of the theory. With the aid of (2.25) one can obtain the

following useful expression

W= é / au (D + o). (2.30)

In the Abelian case, only the first term on the right survives. In what follows, we do not
distinguish between W and Wj.
With the notation (DT)% = D+aDY | the Bianchi identity (R.4) takes the form

1 > 2
DgDEW = 1%ap (DHYW = D;D;D;W =0. (2.31)

Using the Bianchi identity (2:31)), one can readily construct a covariantly analytic
descendant of W

—igtt =D W DlIw + i{w L(DY?WY,  Digtt =Dttgtt =o0. (2.32)



2.3 Vector multiplet in components

The gauge freedom
—oVTT =D A =D A +i[VTT )] (2.33)

can be used to choose a Wess-Zumino gauge of the form
VIt (x, 0% u) = 1(0)2 p(x) —i0TT™0T Ay () +4(07)20 Y u; T ()
g 6204w s XU(), (2.34)
where
(02 =0%00% . 0T IO = 0O (M) 0t = —(I™) 50100 (2.35)

~

In this gauge, the expression (P.26) simplifies considerably
Vit(z,uy) i WV (z,u1), VT (2, u9)]
V7 (z,u) = [ duj —————= + —/d d -
) = f St 5 [ o o

+terms of third- and fourth-order in Y+ . (2.36)

Here the explicit form of the cubic and quartic terms is not relevant for our consideration.
One of the important properties of the Wess-Zumino gauge is

Dl = 0 + 1 V| = O + 1A (2) (2.37)
The component fields of W and V' can be related to each other using the identity
Fyf = (ujuz) Fy — (uyug) Fy' F* = Fluf, (2.38)

and the analyticity of V*T. (The latter property implies, for instance, DTV (z,u1) =
—(uTuf) Dy V*T+(2,u1).) Thus one gets

WE= 502V = ¢ [ au (0P Y Gl = pla).
DIW] =~ [ dun (@) DL (D PV )| = 1) uf . (239
OHPW = 5 [ dus ) (D (D) P V4 ()| = 4 X9 ()]

Finally, eq. (B:37) implies that the component field Fap ( 5 in n (B-6) is (the bispinor
form of) the gauge-covariant field strength Fj;5 generated by the gauge field Ay,.

2.4 Fayet-Sohnius hypermultiplet

Following the four-dimensional /' = 2 supersymmetric construction due to Fayet and
Sohnius [B], B3], an off-shell hypermultiplet with intrinsic central charge, which is coupled
to the Yang-Mills supermultiplet, can be described by a superfield ¢*(z) and its conjugate
Gi(2), @ = ("), subject to the constraint

pligh=0. (2.40)

,10,



Introducing g7 (z,u) = g'(2)u; and ¢*(z,u) = —q'(z) u;, the constraint (R.40) can be
rewritten in the form

Digqt=Digt =0, Dt gt =Dt g =0. (2.41)

Thus g7 is a constrained analytic superfield. Using the algebra of gauge-covariant deriva-
tives, the constraints can be shown to imply®
gt =0, (2.42)

=D"D; + (DT*W) D, — i(ﬁ*dDgW) D+ é[DM,D;] W+ (A+iW)?.

Therefore, the requirement of a constant central charge, A gt = m g™, with m a constant
mass parameter, is equivalent to an equation of motion for the hypermultiplet.
Independent component fields of g*(z) can be chosen as

NG

All other components can be related to these and their derivatives. For example,

C'=qi|, s = DL qi , F' = Aq'| . (2.43)

+
SAgT = Ddﬁpgq— +iWDLlq +21(DIW)q,
AqT = —8iD"Daq” +8WAG™ +8iW? q™ +4i (DW)Dlq™
+2i (D™DIW) g~ — 21 (D*D W) q" . (2.44)

2.5 Off-shell hypermultiplets without central charge

One of the main virtues of the harmonic superspace approach [] is that it makes pos-
sible an off-shell formulation for a charged hypermultiplet (transforming in an arbitrary
representation of the gauge group) without central charge. Such a q*-hypermultiplet is
described by an unconstrained analytic superfield ¢*(z,u) and its conjugate ¢ (z,u),
Dig¢t =0, Aqgt=0. (2.45)
In this approach, the requirement that ¢+ be a holomorphic spinor field over the two-sphere,
Dt+ ¢t = 0, is equivalent to an equation of motion.” The harmonic dependence of the
¢t -hypermultiplet is non-trivial. One can represent ¢ (z,u) by a convergent Fourier series
of the form (B.d) with p = 1. The corresponding Fourier coefficients ¢***%2+1(z), where
n=0,1,..., obey some constraints that follow from the analyticity condition in (R.43).

5By analogy with the four-dimensional case [E], the operator O can be called the covari-
ant analytic d’Alembertian.  Given a covariantly analytic superfield ®®, the identity 0e@ =
—6—1(15+)2(1A)+)2(D__)2<I>(Q) holds, and therefore O preserves analyticity.

"The equation of motion for the massless Fayet-Sohnius hypermultiplet, which is characterised by the
kinematic constraint DT g+t = 0, can be shown to be Aq™ = 0, if the dynamics is generated by the
Lagrangian (B.1q) with m = 0.

— 11 —



Given a hypermultiplet that transforms in a real representation of the gauge group, it
can be described by a real anaytic superfied w(z,u),

Diw=0, Aw=0, (2.46)

called the w-hypermultiplet [R0]. The gauge parameter A in (2.23) is of this superfield
type. It is then clear that the w-hypermultiplet can be used, for instance, to formulate a
gauge-invariant Stiickelberg description for massive vector multiplets.

3. Supersymmetric actions

In the case of vanishing central charge, A = 0, it is easy to construct manifestly super-
symmetric actions within the harmonic superspace approach [R0]. Given a scalar harmonic
superfield L(z,u) and a scalar analytic superfield L(+%(¢), supersymmetric actions are:

Sy = /d% df0du L = /d% du (D)4 (D+)4LH, (3.1)
Sy = / AcH LD = / &z du (DY L<+4>H, DILO =, (3.2)

where 1
(D) = —ﬁ(ﬁif (DF)?. (3.3)

As follows from (B.1), any integral over the full superspace can be reduced to an integral
over the analytic subspace,

A

/ d®zd®0du L = / AcH L) LY — (DY L. (3.4)
The massless ¢™-hypermultiplet action [R(] is
S =— / d¢ED gtpttgt . (3.5)

This action also describes a massive hypermutliplet if one assumes that (i) the gauge
group is G x U(1), and (ii) the U(1) gauge field V" possesses a constant field strength
Wp = const, |[Wy| = m, see [B4] for more details.®

Similarly to the chiral scalar in 4D, A/ = 1 supersymmerty, couplings for the ¢'-
hypermultiplet are easy to construct. For example, one can consider a Lagrangian of the
form

LOY = Dt £ A (GHeh)? + q*{m (D)W + ioy Q++}q+ ; (3.6)

with the quartic self-coupling first introduced in [Rd]. Consistent couplings for the Fayet-
Sohnius hypermultiplet are much more restrictive, as a result of a non-vanishing intrinsic
central charge.

8 A different approach to formulate massive hypermultiplets was proposed in [@]

- 12 —



3.1 Four-derivative vector multiplet action

As another example of supersymemtric action, we consider four-derivative couplings that
may occur in low-energy effective actions for a U(1) vector multiplet.

Stour—deriv = / ¢t g**{m Gt +ikg (DF )QW} + / Pz d®oHW), (3.7)

with k12 coupling constants, the analytic superfield G** given by (2.33), and H(W) an
arbitrary function. The third term on the right is a natural generalization of the four-
derivative terms in 4D, N = 2 supersymmetry first introduced in [Bf].

3.2 Multiplets with intrinsic central charge

For 5D off-shell supermultiplets with A # 0, the construction of supersymmetric actions
is based on somewhat different ideas developed in [B3, B7] for the case of 4D, N' = 2
supersymmetric theories.

When A # 0, there exists one more useful representation (in addition to the 7-frame

and A-frame) for the covariant derivatives

Do +— Va=cd@E D@ =Dy 1ivy, T=-0%TA. (3.8)

For the operators Da = ' Da e one obtains

0
T =Df = _ 3.9
Va o] 8(9_O‘ ’ ( )
R 4 . 3 .4 O . 0
Dt = pt+ : 6+ 2A Dttt — 1 ' (T4 5. 6+,6’6+’y — 9+a _
T4, Y e i )5'7 oz * 00—4&’
where

(67 = o+%07 . (3.10)

As is seen, in this frame the spinor gauge-covariant derivative Vg; coincides with partial
derivatives with respect to #~%, while the analyticity-preserving gauge-covariant derivative
VT = D%t + iVt acquires a term proportional to the central charge.
In accordance with [B7], the supersymmetric action involves a special gauge-invariant
analytic superfield L™
DLt =0, DLt =0. (3.11)

The action is

S =i / ¢ (92 L+ . (3.12)

Although S involves naked Grassmann variables, it turns out to be supersymmetric,due to
the constraints imposed on L**. Its invariance under the supersymmetry transformations
can be proved in complete analogy with the four-dimensional case [B4]. The action (B.13)
possesses another nice representation obtained in appendix C, eq. (C.13).

One can transform L™ to the 7-frame in which

Lt (z,u) = e P LT = LU(2) u*u;' . (3.13)

(2
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This gauge-invariant superfield obeys the constrains
DiLtt =0, Dttt =0. (3.14)

Doing the Grassmann and harmonic integrals in (B.19) gives

: D = pipl) (3.15)

i Ny
S = E/d%l)” Li;

where we have replaced, for convenience, ordinary spinor covariant derivatives by gauge-
covariant ones (this obviously does not change the action, for L;; is gauge invariant).

In four space-time dimensions, the super-action (B.1§) was postulated by Sohnius [BJ]
several years before the discovery of harmonic superspace. It is quite remarkable that
only within the harmonic superspace approach, this super-action can be represented as a
superspace integral having a transparent physical interpretation. To wit, the factor i(é+)2
in (B.12) can be identified with a vacuum expectation value (V{*) of the central-charge
gauge superfield VAT (compare with (:39)). With such an interpretation, the super-action
admits simple generalizations to the cases of (i) rigid supersymmetric theories with gauged
central charge [Bg, and (ii) supergravity-matter systems [Bg.

The super-action (B.12), and its equivalent form (B.19), can be used for superym-
metric theories without central charge; an example will be given below. It is only the

constraints (B.14) which are relevant in the above construction.

3.3 Fayet-Sohnius hypermultiplet

An example of a theory with non-vanishing central charge is provided by the Fayet-Sohnius
hypermultiplet. The Fayet-Sohnius hypermultiplet coupled to a Yang-Mills supermultiplet
is described by the Lagrangian [B3, B

1 o —> . o
Lig =54" A q" —img*q", (3.16)

with m the hypermultiplet mass.

To compute the component action that follows from (B.I(), one should use the defini-
tions (R.6) and (R.43) for the component fields of W and g*, respectively.

Spg = / d°x { — D, CyDACE —iXDA + FF* + m A\ + XA — %C*k Xk, ot
! C’kgoQCk — <imF’ka 1 AULCF 4 iFLp ck 4+ c.c.)} . (3.17)
2 Ve

3.4 Vector multiplet

The Yang-Mills supermultiplet is described by the Lagrangian®

1
Ly = 1 trgtt, ALY =0, (3.18)

In terms of the analytic prepotential V+*, the super Yang-Mills action is non-polynomial [@]

- 14 —



with Gt* given in (£.39). The corresponding equation of motion can be shown to be
DOHYW=0 <« D;D;W =0. (3.19)

It follows from this that 1
DD, W = 3 {DEW , DWW} . (3.20)

In the Abelian case, eq. (B.19) reduces to
DgDﬁTW =0 = 09, W=0. (3.21)

From the point of view of 4D, N' = 2 supersymmetry, this can be recognized as the off-
shell superfield constraints [0, B, [f]] describing the so-called linear vector-tensor multiplet
discovered by Sohnius, Stelle and West [[id] and re-vitalized fifteen years later in the context
of superstring compactifications [[].

The Yang-Mills action with components defined by (R.34) is

1 7 1 . 1.
Sym = /d5$ tr{ 1 FdBFab — 5’1)&301)&90 + ZXUXij

i 1
+ %\Iszp\yk — 5 e, W) } . (3.22)

4. Chern-Simons couplings

Consider two vector multiplets: (i) a U(1) vector multiplet V{T; (ii) a Yang-Mills vector
multilpet V{,L;/E They can be coupled to each other, in a gauge-invariant way, using the
interaction

St = / AV VIt gl, (4.1)

where Q\J{FI\J/F[ corresponds to the non-Abelian multiplet and is defined as in eq. (2.32). In-
variance of Sy, under the U(1) gauge transformations

SVt =Dt Dix=0, (4.2)

follows from the constraints (R-33) to which G is subject.

Let us assume that the physical scalar field in V'AH possesses a non-vanishing ex-
pectation value (such a situation occurs, for instance, when V—AH' is the vector multiplet
gauging the central charge symmetry). In accordance with [B4], this condition is expressed
as Wa(z)) = p # 0; then, there exists a gauge fixing such that

WVIT(Cu)) =ip(0F)?, p = const . (4.3)

Now, combining the interaction ([.]) with the gauge-invariant kinetic terms for VZ”L and

V;ﬁ, the complete action becomes

S = / AV Lt { I GAT + gy tr gm} : (4.4)
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with ga and gym coupling constants. A different form for this action was given in [R§]. The
theory ({4) is superconformal at the classical level. It would be interesting to compute,
for instance, perturbative quantum corrections.

Let us consider the special case of a single Abelian gauge field, VXJF = V;FI\J/F[ =yt
The equations of motion for the corresponding Chern-Simons theory,

Scs =

1242 / d¢Vyrt g, (4.5)

can be shown to be
X 1 .
—igtt =DrWDIWw + 3V (DH)Y?*W=0. (4.6)
Using the Bianchi identity (R.31)), one can rewrite this in the form

1 DTWDIw
+ ntw — ol

From the point of view of 4D, A = 2 supersymmetry, this can be recognized as the off-shell

superfield constraint describing the so-called nonlinear vector-tensor multiplet!® [[i4, Bg].

Resorting to the two-component spinor notation, eq. (.7) leads to
= 1 _ .
DDIW =0,  D**DIW= - (D*O‘W DIW — DiW D+O‘W) . (48)

In the case of the dynamical system (f.4), the equation of motion for the Abelian gauge
field is

1
—GiT =tr G, (4.9)
K

with k a coupling constant. With properly defined dimensional reduction 5D — 4D, this
can be recognized as the superfield constraint describing the Chern-Simons coupling of a
nonlinear vector-tensor to an external A’ = 2 Yang-Mills supermultiplet [Bg].

The super Chern-Simons actions can be readily reduced to components in the Wess-
Zumino gauge (R.34) for the Abelian gauge field V*+. If LT+ (z,u) = LY (2) ufu;r is a real
analytic superfield of the type (B.14), then

S = / SIQ el VA A (4.10)
g P i o 9 .
= /d% {X”sz + 1—1230 DYLi + é Aa (DTDY)Lyj — 5 0 DéLij}H :

The Abelian supersymmetric Chern-Simons theory ({.5) leads to the following component
action:

1 1 sisds 1 A7 . 1 .

Scs = 55 APz § = eabede AFy Fy — = chdBF“b — 0a 0% + - pX;; XY
2 3 2 2

i

—% Fp(UFS®0,) +1p(WF giy,) — 3 Xij(\lﬂqﬂ)} : (4.11)

10The nonlinear vector-tensor multiplet was discovered in [@]
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5. 5D supermultiplets in reduced superspace

Some of the results described in the previous sections can easily be reduced to a “hybrid”
formulation which keeps manifest only 4D, NV = 1 super Poincaré symmetry. As the
5D superfields depend on two sets of 4D anticommuting Majorana spinors, (Hf , éi) and

(920‘ , 9%), such a hybrid formulation is equivalent to integrating out, say, the second set and
keeping intact the first set of variables

9 = 6%, 6. = 6% . (5.1)

In this approach, one deals with reduced (or N' = 1) superfields U], DAU l, DQO"U l,... (of
which not all are usually independent) and 4D, N’ = 1 spinor covariant derivatives D, and
D® defined in the obvious way:

Ul =Ul(,62,6) i D% = D poiico (5.2)

y Vg

D, = Dk

03=02=0

Our consideration below naturally reproduces many of the 5D supersymmetric models
originally derived in the hybrid formulation [f6].

5.1 Vector multiplet

Let us introduce reduced gauge covariant derivatives
{Da,f)é‘,Da,D5} - {Dé, f,Da,Dg)H . (5.3)
As follows from (R.3), their algebra is

{D.,Ds} = {ﬁd,ﬁé} =0, {DQ,TDB} = -2iD .

6?
D,,D .| =—-2i . D. D .| =—2e..
D, Bﬂ] 15a6WB7 [704, 66] 1€&BWB,
['Da,’D5+]~']:0, [Dd,D5—f]:0, (5.4)
where
F=W|, W,=D2W|. (5.5)

It can be seen that the field strengths F, W, and W% are the only independent NV = 1
descendants of W.

The strengths F and W, obey some constraints which follow from the Bianchi identi-
ties (R.4) and (R.H). Consider first the constraint (R.4) with two derivatives of W. Taking
the part with (3, j, d,B) = (1,1, o, @) gives the “A/ = 1 chirality” of W,

D Wy =0. (5.6)
Taking instead the part with (¢, j, &, B) = (1,2, a, 3) gives the familiar Bianchi identity

DW, — DNV =0 . (5.7)
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Next, the (i,j,d,B) =(1,1,,03) and (i,j,d,ﬁ) = (1,2, a, @) parts, respectively, give
’DZ‘/’DQVW = _D2‘7:’ D%ﬁzﬁ)/w = Dai)d]: . (5.8)

The latter identities support the statement that F, W, and W are the only independent
N =1 descendants of W. Finally, decomposing the second constraint (R.§) with (4,7, k) =
(2,2,1) and (&, 5,9) = (& 5,7) gives

1.
—ZDQDQ}" +DsW, — [F,Wa] = 0. (5.9)
In accordance with (B.1§), the super Yang-Mills action is

: L » : N . 1 .
S = / CoDyly|, L= o(DWDIW+ LV, DIWY) . (5.10)

Its reduced form can be shown to be
1 1 .
Sym = tr/d5x {Z/dQHWaWa—i- Z/d?evvéwa +/d49}‘2} . (5.11)

Here the Grassmann measures d26 and d*6 are part of the chiral and the full superspace
measures, respectively, in 4D, N' = 1 supersymmetric field theory.

It is instructive to solve the constraints encoded in (p.4). A general solution to the
equations {D, ,Ds} = [Dy,Ds + F| =0 s

Do=e=Dye®,  Ds+F-e=(d5+0f)e=,  Duof =0, (5.12)
for some Lie-algebra-valued prepotentials = and ®f, of which = is complex unconstrained
and ®' antichiral. Similarly, the constraints {D,, ’bﬁ} = [D, D5 — F| = 0 are solved by

= =t = _=t =T _=t =

Dy == D=, Di-F=e'(g5-0)e =, D=0, (5.13)

The prepotentials introduced possess the following gauge transformations

I eD‘(z)<<I>—35> e 1, D=0, (5.14)

Here the A-gauge group occurs as a result of solving the constraints in terms of the uncon-
strained prepotentials.
By analogy with the 4D, N' = 1 super Yang-Mills case, one can introduce a chiral

representation defined by applying a complez gauge transformation with 7 = —Zf. This
gives
D, =c¢"V Dyev, i)d:Dd7
Ds+ F=c" (a5+<1>f)e" Ds—F=05—9, (5.15)
where
eV:eEeET7 vi=v.

Here the real Lie-algebra valued superfield V' is the standard N = 1 super Yang-Mills
prepotential. For F we obtain

2F =0 +e Ve eV (95¢"). (5.16)
We have thus reproduced the results obtained by Hebecker within the hybrid approach [[6].
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5.2 Fayet-Sohnius hypermultiplet

The Fayet-Sohnius hypermultiplet g’ generates two independent A" = 1 superfields trans-
forming in the same representation of the gauge group,

and obeying the constraints
D,QT =0, D.Q=0. (5.18)

These constraints follow from (B.4(Q). Thus Q and QT are covariantly chiral and antichiral,
respectively. The central charge transformation of these superfields is:

1 -9~ ~ 1 ~
1AQ = Z1>2QT HF-D5)Q,  iAQ= D+ (F+D)Q" . (5.19)
In accordance with (B.16), the action for the Fayet-Sohnius hypermultiplet is

ij LGN ) i i

i P
SFS = E /d5£6 DijLPZS 5
It can be shown to reduce to the following A/ = 1 action
Spg = /d% {/d‘*@ QTQ+QQ" + </d26(2(}“— D; —i—m)Q—i—c.c.)} . (5.21)
As follows from (f.4), the operator D5 — F preserves chirality.

6. Projective superspace and dimensional reduction

Throughout this section, we consider only 5D supermultiplets without central charge, A =
0. However, many results below can be extended to include the case A # 0.

6.1 Doubly punctured harmonic superspace
Let w(p)(z,u) be a harmonic superfield of non-negative U(1) charge p. Here we will be
interested in solutions to the equation

D+t ,lp(p) -0 = D++Dg ,l/,(p) =0, p>0. (6.1)

If 't/J(p)(z,u) is globally defined and smooth over R518 x $2 it possesses a convergent
Fourier series of the form (BY). If (®)(z,u) is further constrained to obey the equa-
tion (B.0)), then its general form becomes

PP (z,0) = P () uf o (6.2)

i1 ip

Therefore, such a globally defined harmonic superfield possesses finitely many component
fields, and this can thought of as a consequence of the Riemann-Roch theorem [[£7] specified
to the case of S2. A more interesting situation occurs if one allows 't/J(p)(z, u) to have a few
singularities on S2.
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For further consideration, it is useful to cover S? by two charts and introduce local com-
plex coordinates in each chart, as defined in appendix B. In the north chart (parametrized
by the complex variable w and its conjugate w) we can represent 'l,b(p)(z, u) as follows

zp(p)(z,u) = (u+l)p Y(z,w,w) . (6.3)

If 9®) (2, u) is globally defined over R5® x S2, then t(z, w, ) = I(\f)(z,w,w) is given as
in eq. (B.10). It is a simple exercise to check that

DT p®) (2 u) = (WP (1 + ww)? g (2, w, W), p>0, (6.4)
and therefore
DHty® =0, p>0 < 9zv=0. (6.5)

Assuming that ®) (z,u) may possess singularities only at the north and south poles of S2,
we then conclude that

+o0
P(z,w) = Z () w" . (6.6)

n=—oo

Now, consider an analytic superfield ¢® obeying the constraint (p-1)).
Df¢® =0, D*te® =0, p>0. (6.7)

We assume that q’)(p)(z, u) is non-singular outside the north and south poles of S2. Then,
representing ¢®)(z,u) = (ut1)? ¢(z,w,w) and defining

D;r — _qul Vd(w) , VO}(’U)) — —Dé w; w; = (—’U), 1) , (68)

eq. (B.7) is solved as

400
Va(w) ¢(z,w) =0, o(z,w) = Z On(z)w" . (6.9)

n=—oo

These relations define a projective superfield, following the four-dimensional terminol-
ogy [P4]. Since the supersymmetry transformations act simply as the identity transforma-
tion on S?, the above consideration clearly defines supermultiplets. Such supermultiplets
turn out to be most suited for dimensional reduction.

The projective analogue of the smile-conjugation (R.21)) is
+o0o

o(z,w) = Z (=) p_pn(z)w™, Va(w) d(z,w) = 0. (6.10)

n=—oo

If gzvb(z,w) = ¢(z,w), the projective superfield is called real. The projective conjuga-
tion (b.1() can be derived from the smile-conjugation (R.21)), see [RF] for details.
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There are several types of projective superfields [24]. A real projective superfield of
the form ([f.11) is called a tropical multiplet. A real projective superfield of the form

+n
=> ou(zx)u",  $=2¢, nez (6.11)

is called a real O(2n) multiplet.!* A projective superfield Y (z,w) of the form (6.27) is
called an arctic multiplet, and its conjugate, 'i’(z,w), an antarctic multiplet. The Y (z,w)
and Y(z, w) constitute a polar multiplet. More general projective superfields occur if one
multiplies any of the considered superfields by w”, with n an integer.

At this stage, it is useful to break the manifest 5D Lorentz invariance by switching

from the four-component spinor notation to the two-component one. Representing

Va . _. _ .
Va(w)=[ 2 (w) , Velw)=wD: D2 V*w)=D{ +wDY, (6.12)
V*(w) = =
the constraints (.10) can be rewritten in the component form
D¢, =Dro, 1, D¢, =—Didns1 . (6.13)

In accordance with ([A.1§) and (A.19), one can think of the operators D4 = (9,, D, Df"),
where a = 0,1,2,3, as the covariant derivatives of 4D, N’ = 2 central charge superspace,
with 2% being the central charge variable. The relations (p.13) imply that the dependence
of the component superfields ¢, on 65 and 93; is uniquely determined in terms of their

dependence on 6 and G_i. In other words, the projective superfields depend effectively on
half the Grassmann variables which can be choosen to be the spinor coordinates of 4D,
N = 1 superspace (B.1). In other words, it is sufficient to work with reduced superfields
$(w)| and 4D, N = 1 spinor covariant derivatives D, and D% defined in (5.3).

If the series in (p.9) is bounded from below (above), then eq. (p.13) implies that the
two lowest (highest) components in ¢(w)| are constrained N' = 1 superfields. For example,
in the case of the arctic multiplet, eq. (6.27), the leading components ® = Y| and I' = Y|
obey the constraints (5.2§).

Given a real projective superfield L(z,w), one can construct a supersymmetric invariant

27”74 dw /d5 a0 L(w)| = o W 5wy, (6.14)

2l Jo w

with C' a contour around the origin (in what follows, such a contour is always assumed).
For S(w) there are several equivalent forms:

S(w) = 116/015 DD L(z, )“ 16/d5 (D )Q(DL)ZL(z,w)H (6.15)

assuming only that total space-time derivatives do not contribute. The invariance of S(w)
under arbitrary SUSY transformations is easy to demonstrate. Defining

Dt = %G(le([)l)?, (6.16)

" One can also introduce complex O(2n+1) multiplets [Q]
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one can argue as follows:

5S(w) = i / @ (e7QL +2LQF) D4L(z,w)H _ / dx (0Dl + 2, DY) D4L(z,w)H
= —/d5x (agD% + éiDS‘) D4L(z,w)“ = —/d5x D* <€§‘D% + éi[?i") L(z,w)“
= —/d5x D* <€§Déw — 6% _i)‘w_l) L(z,w)“ =0, (6.17)

with @Q¢, and Qf‘ the supersymmetry generators.

6.2 Tensor multiplet and nonlinear sigma-models

The tensor multiplet (also called O(2) multiplet) is described by a constrained real analytic
superfield =1
DIttt =0, DttEtt =0. (6.18)
The corresponding projective superfield Z(z, w) is defined by 27+ (2, u) = iutlut2 =2 (2, w).
Without distinguishing between Z(z,w) and Z(z,w)|, we have
Ew) = ¢4+ wG -wd, G=aG, (6.19)
where the component superfields obey the constraints

_ . 1~
D*® =0, —ZDQG:&:,CP. (6.20)

Here we consider a 5D generalization of the 4D, A/ = 2 supersymmetric nonlinear
sigma-model'? studied in [[i] and related to the so-called c-map [iJ]. Let F' be a holomor-
phic function of n variables. Associated with this function is the following supersymmetric

S = —/d%d‘*e[iy{d—ww + e (6.21)

2mi w w?

action

Since
FE (w) = F(q>1+wa—w2ci>f)
= F(®) + wFi(3)G! — v <FI(<1>)<i>I— %FU(@) GIGJ) + O(wd),

the contour integral is trivial to do. The action is equivalent to

S[®,®,G) = /d% d*e {K(cp,ci) — %gu(@,@)GlG‘]} , (6.22)
where
K(®,0) = &' Fy(®) + o' Fy(®),  g77(®,8) = Frs(®) + Fr(®) . (6.23)

The Kihler potential K (®,®) generates the so-called rigid special Kihler geometry [B(].

12The construction given in [@] has recently been reviewed and extended in [@]
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Let us work out a dual formulation for the theory (b.23). Introduce a first-order action
_ 1_
5 2 I, A2 Al
S[(I),@,G]—ir/d m{/d 0\111(05q> +D G> n c.c.}
— S[®,,G] — /d%{/d‘le(m +U)G + </d29 U950 + c.c.)}, (6.24)

where the superfield G! is now real unconstrained, while W is chiral, D ¥ = 0. In this
action we can integrate out G! using the corresponding equations of motion. This gives

S[®,d, W, 0] = /d%{/d‘*@ﬂ(@,@,\y,m) + (/d29\11185 ol + c.c.)}, (6.25)
where 1 -
H(®,®,9,9) = K(©,®) + 5 g"(®,®) (¥ + V1) (¥ + L) . (6.26)

The potential H(®P, o, 0, \I/) is the Kéahler potential of a hyper Kéahler manifold. By con-
struction, this potential is generated by another Kihler potential, K(®,®), which is asso-
ciated with the holomorphic function F(®) defining the rigid special Kihler geometry [B0].
The correspondence K(®,®) — H(®,®, ¥, V) is called the rigid c-map [4].

6.3 Polar hypermultiplet and nonlinear sigma-models

According to [P4], the polar hypermultiplet is generated by projective superfields

T(z,w) =Y Ta(z)w",  T(zw)=> (-1)"Tn(z) % : (6.27)
n=0 n=0

The projective superfields T and T are called arctic and antarctic B4, respectively. The
constraints (p.13) imply that the leading components ® = Y| and I' = Y| are constrained

_ . 1 _
DY® =0, —ZDQP:&—,CD. (6.28)

The other components of T (w) are complex unconstrained superfields, and they appear
to be non-dynamical (auxiliary) in models with at most two space-time derivatives at the
component level.

Here we consider a 5D generalization of the 4D, A/ = 2 supersymmetric nonlinear
sigma-model studied in [F1]. It is described by the action

SIT, 1] :/d5xd46 [ 7§d—w K (X(w). Y(w)) ] (6.29)

2mi w

This 5D supersymmetric sigma-model respects all the geometric features of its 4D, N =1
predecessor [57]

S[®,d] = /d% d*0 K (®, @), (6.30)
where K (A, A) is the Kihler potential of some manifold M. The Kihler invariance of (6.30)

K@®,3) — K(® o) + (A(<I>) + I\@)) (6.31)
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turns into

K, Y) — K(O,T) + <A(T) + A(T)) (6.32)
for the model (f-29). A holomorphic reparametrization A? — fI (A) of the Kéhler manifold

has the following counterparts

ol fl(®), THw) —  f(T(w)) (6.33)

in the 4D and 5D cases, respectively. Therefore, the physical superfields of the 5D theory
dr! (w)

()| : T oo : (6.34)

should be regarded, respectively, as a coordinate of the Kéhler manifold and a tangent
vector at point ® of the same manifold. That is why the variables (®/,T'7) parametrize
the tangent bundle T'M of the Kéhler manifold M.

The auxiliary superfields T, T3, ..., and their conjugates, can be eliminated with the
aid of the corresponding algebraic equations of motion

K(Y,T
%dww”—l% =0, n>2. (6.35)

Their elimination can be carried out using the ansatz [53

o
T =36 o, @B TE T 2. (636)
p=0

Upon elimination of the auxiliary superfields,'® the action (.29) takes the form

Sip[®,®,T,T] = /d%d‘*@{K(@,@) —g77(®,@)0'T/

[e.9]
Y Riyetyiiees, (2. B) T THTH T L (6.37)
p=2
where the tensors Ry .. j,...7, are functions of the Riemann curvature R, (@, ®) and
its covariant derivatives. Each term in the action contains equal powers of I and I, since
the original model (6.29) is invariant under rigid U(1) transformations

Tw) — YEW) <= Tu(z) — "7 ,(2). (6.38)

For the theory with action Sg,[®, ®, T, T], we can develop a dual formulation involving
only chiral superfields and their conjugates as the dynamical variables. Consider the first-
order action

S[®, 3, T, T —/d5x{/d29\1'1<85 ¢1+3D2 rf> + c.c.}

_ Stb[<I>,<I>,F,F]+/d5x{/d49\1111“[—/d29\11165 ol 4+ c.c.}, (6.39)

13 As explained in [E]7 the auxiliary superfields can be eliminated only perturbatively for general Kéhler
manifolds. This agrees with a theorem proved in [@ that, for a Kéhler manifold M, a canonical hyper-
Kaéhler structure exists, in general, on an open neighborhood of the zero section of the cotangent bundle
T*M. It was further demonstrated in [@] that the auxiliary superfields can be eliminated in the case of
compact Kahler symmetric spaces.
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where the tangent vector I'! is now complex unconstrained, while the one-form Wy is chiral,
Dd\I’ 7 = 0. Upon elimination of I and T', with the aid of their equations of motion, the
action turns into Sc,[®, ®, ¥, ¥]. Its target space is the cotangent bundle T*M of the
Kahler manifold M.

It is instructive to consider a free hypermultiplet described by the Kéahler potential
Ktreo(A, A) = A A. Then

Stree| T, T :/d5xd462(—1)"Tn(z)Tn:/d5md49 (M—fr) oL (6.40)
n=0

Here the dots stand for the auxiliary superfields’ contribution. Now, eliminating the aux-
iliary superfields and dualizing I" into a chiral scalar, one obtains the action for the free
Fayet-Sohnius hypermultiplet, equation (f.21).

7. Vector multiplet in projective superspace
In the Abelian case, the gauge transformation (R.33) simplifies
VIt =-DttA,  Dix=0, A=)\. (7.1)

The field strength (R.30) also simplifies
W = %/du (D)2 yHt (7.2)

It is easy to see that W is gauge invariant.
The gauge freedom ([7.]]) can be used to choose the supersymmetric Lorentz gauge [2(]
DHtytt =o0. (7.3)
In other words, in this gauge V™" becomes a real O(2) multiplet,

VI = iu 2V (2, w), V(z,w) = % e(2)+V(z) —we(z) . (7.4)

Since W is gauge invariant, for its evaluation one can use any potential V' from the
same gauge orbit, in particular the one obeying the gauge condition (7.3). This Lorentz
gauge is particularly useful for our consideration. Using the relation ([C.6) and noting that
|uTt? = (1 + ww)~!, we can rewrite W in the form

1
W= 3 /duP(w) Viz,w) . (7.5)
This can be further transformed to
1 dw

Indeed, the consideration in appendix C justifies the following identity
1 d
lim lim [ dudpe(u) = — f{ 0 s(w), (7.7)
w

R—o0e—0 o 27
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with the regularization ¢ (u) = ¢r.(w,w) of a function ¢(w) holomorphic on C* defined
according to ([C.d). Since the integrand on the right of ([7.§) is, by construction, a smooth
scalar field on S2, we obvoiusly have

/duP(w) V(z,w) = lim lim [ duP(w) VRr(z,u) . (7.8)

R—00€e—0

The representation ([7.6) allows one to obtain a new formulation for the vector multi-
plet. Let A(z,w) be an arctic multiplet

A(z,w) = Z Ap(2)w™, Va(w)A(z,w) =0, (7.9)
n=0

and /VX(z, w) its smile-conjugate. It then immediately follows that

d d o
yf—wp(w)A(z,w) - f{ Pp(w)K(z,w) =0 . (7.10)
w w
Now, introduce a real tropical multiplet V(z,w),

+oo
V(z,w) = Z Va(2) w™, Va(w)V(z,w) =0, Vo= (-1)"V_,, (7.11)

n=—oo

possessing the gauge freedom
SV (2, w) = 1(A(z,w) - A(z,w)) . (7.12)

With such gauge transformations, eq. ([.6) defines a gauge invariant field strength. Next,
in accordance with the superfield structure of the tropical and arctic multiplets, the gauge
freedom can be used to turn V(z,w) into a real O(2) multiplet, i.e. to bring V(z,w) to
the form (7.4). We thus arrive at the projective superspace formulation'* for the vector
multiplet [4].

Now, we are in a position to evaluate the N = 1 field strengths (b.) in terms of the
prepotentials V;,. It follows from ([C.6) that

1 dw 1 -
Fw| = 471}[?7’(”)‘/(1”)‘ L (erarav). (7.13)
where we have defined 1
<I>:ZD2V1|, V="1. (7.14)
The spinor field strength W, is given by
9 1 dw 9 9
Wa(2) = DIW| = 1= ¢ < (D2, P(w)] + P(w)D2) V(w)] (7.15)

4 An alternative procedure to deduce the projective superspace formulation for the 4D, AN/ = 2 vector
multiplet from the corresponding harmonic superspace formulation can be found in [@]
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However, as [D3,P(w)] = wdsDx and given that for any projective superfield ¢(w) we
have D2¢(w) = wDx¢(w), this expression reduces to

W = f{ dw <1D2Da> V(w)( - éDQDaV . (7.16)

47 w \ 4

It can be seen that the gauge transformation (7.12) acts on the superfields in (f.14) as

follows:

SV =1i(A-A), 8 =i0s5 A A=Ay . (7.17)

The approach presented in this section can be applied to reformulate the supersym-
metric Chern-Simons theory ([L.§) in projective superspace, and the possibility for this is
based on the following observation. Let £ be a linear multiplet, that is a real analytic
superfield obeying the constraint D™+ £+ = 0. Then, the functional

/dC(_4) y++ ot

is invariant under the gauge transformations (f.]). We can further represent £+ =
(iu™u2)L(z,w), where £(z,w) is a real O(2) multiplet. Then the functional

1 dw
—5 [ d2d0 § V(W) Lw)|
27Ti/ v }{ w Viw) L{w)
is invariant under the gauge transformations ([.19).
In the case of Chern-Simons theory ([L.H), the role of L1 is played by the gauge-
invariant superfield (12¢%) ™! G+, with Gt defined in (R.39). With the real O(2) multiplet
G(z,w) introduced by

G = (W) Glmw),  Glw)= —— U+ K wl, (7.18)

the Chern-Simons theory (L) is equivalently described by the action

1 d
12¢” Ses = —5 — / Pz die 7{ Uw V(w) G(w)( = 124> / Pz Lo - (7.19)

Direct evaluation of ¥ and K gives

1_
T = —WW, + 5D?(f?),
K = —FD*W, — 2(D*F)W, + c.c. + 205(F?) . (7.20)

These results lead to
12¢% Lo = / d%0 ® WW,, + / d*0V [FDW, + 2(D*F)W,] + c.c.

+ 4/d40.7-“3 : (7.21)
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Here we have chosen to present the answer in the form (potential) x (fieldstrength) x
(fieldstength) analogously to the standard representation of the bosonic Chern-Simons
action.!

The structure of the superspace action obtained is the following. The first and second
line of ([7.21)) are separately invariant under the gauge transformation (f-17) up to surface
terms as is easily seen. The relative factor of 4 is fixed by five-dimensional Lorentz in-
variance. This could be derived either from the component projection or, less painfully,
by checking the five-dimensional mass-shell condition on the super-fieldstrengths using
their equations of motion together with their Bianchi identities. Finally, under the shift
® — & + 1, the action shifts by Scg — Scs + Sym + surface term, where Sy is the 5D
Yang-Mills action (B.11]) with the proper normalization.

For completeness, we also present here projective superspace extensions of the vector
multiplet mass term and the Fayet-Iliopoulos term (their harmonic superspace form is given
in [R0]). The vector multiplet mass term is

—m? / Y — m—2 dSx d*o }[ dw Vz(w)‘ . (7.22)

2mi w

The gauge invariant Fayet-Iliopoulos term is

/dC(4) cHtytt —% /d5x d46?j{ %Uc(w)v(w)‘a (7.23)

where ¢tt = ¢ uju;r,

with c(w) = w™ e + &g — wéc, the FI action then reduces to

with a constant real iso-vector ¢¥/. Defining ¢t+ = iutlu?2 c(w),

&x / Pz d*9V + 2Re (& / dzd®0 @) . (7.24)

So far the considerations in this section have been restricted to the Abelian case. It
is necessary to mention that the projective superspace approach [@] can be generalized to
provide an elegant description of 5D super Yang-Mills theories, which is very similar to the
well-known description of 4D, N/ = 1 supersymmetric theories. In particular, the Yang-
Mills supermultiplet is described by a real Lie-algebra-valued tropical superfield V' (z,w)
with the gauge transformation

V(w) A(w)

e — ethMw) V(W) g=iA(w) (7.25)

which is the non-linear generalization of the Abelian gauge transformation ([f.13). The
hypermultiplet sector is described by an arctic superfield Y(z,w) and its conjugate, with
the gauge transformation

T(w) — 2 T(w). (7.26)

The hypermultiplet gauge-invariant action is

STV = o f{ %“ / B d40 ¥ (w) eV T () (7.27)

5The result presented here was given previously in the first reference of [@] In comparing the results
one should keep in mind that terms such as fd49 1% [%(@ + @)DO‘WQ + D"‘<I>Wa} + c.c. can be rewritten
to look like [ d?0 DWW, + c.c., thereby changing the appearance of the action.
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8. Conclusion

In the present paper we have developed the manifestly supersymmetric approach to five-
dimensional globally supersymmetric gauge theories. It is quite satisfying that 5D super-
space techniques provide a universal setting to formulate all such theories in a compact,
transparent and elegant form, similarly to the four-dimensional N' = 1 and N = 2 the-
ories. We believe that these techniques are not only elegant but, more importantly, are
useful. In particular, these techniques may be useful for model building in the context
of supersymmetric brane-world scenarios. The two examples of supersymmetric nonlinear
sigma-models, which were constructed in section 6, clearly demonstrate the power of the
5D superspace approach.

Five-dimensional super Yang-Mills theories possess interesting properties at the quan-
tum level [5g]. Further insight into their quantum mechanical structure may be obtained by
carrying out explicit supergraph calculations. Supersymmetric Chern-Simons theories ([£.4)
are truly interesting in this respect.

Note added. After this paper was posted to the hep-th archive, we were informed of a
related interesting work on 6D, A = (1,0) supersymmetric field theories [57].
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A. 5D notation and conventions

(o,

Our 5D notation and conventions are very similar to those introduced in [2§].
The 5D gamma-matrices I';;, = (I, I's), with m =0, 1,2, 3, defined by

{Ty, T} = —2nma 1, (Ti)t =ToT To (A.1)

are chosen in accordance with 27, [

. 0 (om) - . —id,? 0
(Fm)dﬁ - ( SN aﬁ) ) (F )dﬁ = < s SG > ) (A2)
(6m)8 0 b 0 i6 3

such that ['gI'1I'sI'sI's = 1. The charge conjugation matrix, C' = (65‘3), and its inverse,

Ccl=CT= (e45) are defined by

L B £ 0
1 AT af _ [ € [ B _
CTpC =TT, ¢ _< 0 _%), 5&6—< ) —Eé‘ﬁ) . (A3)

The antisymmetric matrices e*? and €ap ATC used to raise and lower the four-component
spinor indices.
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A Dirac spinor, ¥ = (¥4), and its Dirac conjugate, ¥ = (%) = U1 T, look like

Uy = <;§Z> ; T = (¢, 1)) - (A.4)

One can now combine ¥% = (¢*,¢,) and ¥ = 6&3\1’3 = (¢, —¢,) into a SU(2) doublet,

W= (U, —T,), (U =TV, =12, (A5)

(6%

with U§ = ¢* and U§ = ¢®. It is understood that the SU(2) indices are raised and lowered
by &% and Eij, g2 — €91 = 1, in the standard fashion: P& — i \II? The Dirac spinor
Ui = (Vi) satisfies the pseudo-Majorana condition ¥;T = C ;. This will be concisely
represented as
(U5)" = Ui . (A.6)
With the definition Yy, = —Xap = —%[Fm,f’ﬁ], the matrices {1,T;,, Xpn} form a
basis in the space of 4 x 4 matrices. The matrices €ap and (Fm)dé are antisymmetric,
£ (T 5=0, while the matrices (X4), 4 are symmetric. Given a 5-vector V™ and an
antisymmetric tensor £ = —F™" we can equivalently represent them as the bi-spinors
V =V"Ty and F = %an Ymn with the following symmetry properties

e V=0, Fop=Fa, - (A.7)

The two equivalent descriptions Vs, < V, 4 and and Fy5 < FdB are explicitly described as

follows:
V., =VT(T Vi = — 2 (D) BV
s =V" (Lin)sp m= =7 )™ Vg
1 .. .
Fyp= §Fm"(2mﬁ)&ga Fan = (Sna) Fos (A.8)

These results can be easily checked using the identities (see e.g. [Rg]):

8&3&5 = 5@55@5 +€daf€53 +€&5€B@’

1 s 1
&y 855 —e’;‘dsz’fégf = —§(Fm)d3 (Fm)%g—i— 5507354/5’ (Ag)
and therefore . :
eapas = 5 (T)ap Tmdss + 5845855 (A.10)

with ¢, 446 the completely antisymmetric fourth-rank tensor.

Complex conjugation gives

(ap)" = =€, (Vp)' =V, (F,)=F, (A.11)

provided V™ and F™" are real.
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The conventional 5D simple superspace R%® is parametrized by coordinates z

(acd,Hf‘). Then, a hypersurface 2 = const in R®l® can be identified with the 4D, N = 2
superspace R48 parametrized by

A= (2%00,0L), (09 = 0%, (A.12)

The Grassmann coordinates of R/® and R4/® are related to each other as follows:
. _ . 93
0% = (6, —Hdi), 0% = <9_C.w.> . (A.13)

Interpreting 2° as a central charge variable, one can view R°® as a 4D, NV = 2 central
charge superspace (see below).
The flat covariant derivatives D ; = (0;, DY) obey the algebra

[Dh, DI} = =217 (19,500 +2,5A), D5, 91 =D5, Al=0,  (A14)
or equivalently )
[DA7 DB}:TABCDC'+CABA7 (A.15)
with A the central charge. The spinor covariant derivatives are
4 9 A . 4
D = 557 (T%)450% 0, — 165 A . (A.16)
i
One can relate the operators
4 4 D? _ . _
— « —
D'=(Dg) = D& | D; = (Df") = (D7, _Ddi) (A.17)

to the 4D, N = 2 covariant derivatives D4 = (d,, D?,, DY) where [20,
D& = afoia + I(O'b)aﬁ 05 Op — ltga (A + 1({95)7
_ o ) . )
Dy = e —195(017)50-4(91)—190-4@. (A —i0s) . (A.18)

These operators obey the anti-commutation relations

{D,, DI} = —2iceq5(A+i0s),  {D, D, }=2icije,; (A—ids),

{Dy, Dy } = 2i85(0°) 0, (A.19)

8
which correspond to the 4D, NV = 2 supersymmetry algebra with a complex central charge
(see also [BY]).

In terms of the operators ({A.17), the operation of complex conjugation acts as follows

(D' F) Ty = —(=1)F) D; F* (A.20)

with F' an arbitrary superfield and e(F') its Grassmann parity. This can be concisely

represented as
(DL F)* = —(=1)<) p& p* | (A.21)
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B. Tensor fields on the two-sphere

In this appendix we recall, following [@], the well-known one-to-one correspondence be-
tween smooth tensor fields on S? = SU(2)/U(1) and smooth scalar functions over SU(2)
with definite U(1) charges. The two-sphere is obtained from SU(2) by factorization with

respect to the equivalence relation
utt ~ ety peR. (B.1)

We start by introducing two open charts forming an atlas on SU(2) which, upon
identificationon (B.]), leads to a useful atlas on S2. The north patch is defined by

u #£0, (B.2)
and here we can represent
u+i = u+lwi 5 wi = (1’u+2/u+l) = (Lw) s
u; = utlaw;, w; = (1,w), P = (1 wa) ™" (B.3)
The south patch is defined by
ut2 #£0, (B.4)
and here we have
utt =2yt y' = (ut/ut? 1) = (y,1),
up =u2g,  Gi=(1), WP=04yy) . (B.5)

In the overlap of the two charts we have

i iB

s S L MY (B.6)
V(1 +ww) V(1 +yy)
where
1 . .
Yy = E’ elﬁ = % e . (B?)

The variables w and y are seen to be local complex coordinates on S? considered as the
Riemann sphere, S? = C U {oo}; the north chart Uy = C is parametrized by w and the
south patch Ug = C* U {oo} is parametrized by y.

Along with w’ and w;, we often use their counterparts with lower (upper) indices

w; = gjjw! = (—w, 1), w' = eV = (w,—1), Wi = —0' (B.8)

and similar for y; and 7.
Let W) (4) be a smooth function on SU(2) with U(1)-charge p chosen, for definiteness,
to be non-negative, p > 0. Such a function possesses a convergent Fourier series of the

form

Intp  J1 In?

o
U () =Y Gl inepdidnlyd gt s p>0. (B.9)
n=0

,32,



In the north patch we can write

VO ) = () O (w, ),

oo win+pwjl e w]

[o.¢]
0O (0 @) = S wlivinepinin) Pin o B.10
N (wvw) nzo (1—|—wu7)" ( )
In the south patch we have
vO () = w2y 9P (y,7),
o — —
\I](p) Y, ) = \I](Zl tn+pJ1 ]n) 1 ntp ;71 Jn . B.11
s @) nz;) (1+yy)" it

Finally, in the overlap of the two charts \I'l(f; ) and \I’(Sp ) are simply related to each other

_ 1 _
v (y,5) = s W (w, w) (B.12)
If we redefine

the above relation takes the form

o (N
Uy (y,9) = v Uy (w, w) (B.13)

and thus defines a smooth tensor field on S2.

C. Projective superspace action

In this appendix we briefly demonstrate, following [R5, how to derive the projective super-
space action (f.14) from the harmonic superspace action (B.9). More details can be found
in [RF].

Consider an arbitrary projective superfield ¢(z,w), eq. (B.10), which is allowed to be
singular only at w = 0 and w = oo (i.e. ¢(z,w) is holomorphic on the doubly punctured
sphere S2\{N U S}). It is possible to promote ¢(z,w) to a smooth analytic superfield over
S? by smearing (regularizing) its singularities with functions used in the construction of
the partition of unity in differential geometry.

Consider a smooth cut-off function Fg(z) sketched in figure fl.

This function extrapolates smoothly from unit magnitude to zero in a small region
between R, with is assumed to be large number, and R+ ¢ where € is small. The derivative
of this function localizes whatever it multiplies to this region and is normalized so that in
the limit

lim F(2) = ~0(z — R) (C.1)
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Fr(z) : 5 ~Fp () :

0 R R+e T 0 R R+e b

Figure 3: The function Fg .(z) smoothy interpolates from 1 to 0 in the region of width e starting
at R. It’s derivative is a bump function with support [R, R + €] and unit area.

as a distribution. Now, we can regularize the projective superfield ¢(z,w) as follows:
$z,w)  —  ORe(z,w,w) = Fpe(lw] ™) d(2,w) Fre(jw]), (C.2)

and the result is a a smooth neutral analytic superfield over the harmonic superspsace. If
#(z,w) is regular at w = 0 or w = oo, then the factor Fr(|w|™!) or Fg(Jw|) on the right
of (C-3) can be removed.

The above procedure can also be used to generate charged analytic superfields. For
instance, if A(z,w) is a real projective superfield, A= A, then the following superfields

LEI(z,u) = ittt Fp (Jw|™") L(z,w) Fre(|w|) = v Lg (2,w,w), (C.3)

L;f?(z,u) = (22 Fp (Jw| 1) L(z, w) Fre(jw|) = (uut2)2Lg (2, w, @) (C.4)

are real analytic superfields of charge +2 and +4, respectively. One can use Lgf)(z, u) in
the role of Lagrangian in (B.J). In the final stages we will remove the regulator by taking
first € — 0 and then R — oo.

As is seen from (BJ) and (BJ), the analytic action involves a square of (D)2, and
therefore we sould express the operators (15_)2 in local coordinates. What actually we need
here is this operator acting on analytic or projective superfields ® such that V,(w)® =
V& (w)® = 0, with operators V,, and V*(w) defined in (5.19). The analyticity allows us to
move all D% and 1555‘ derivatives onto ® and rewrite them in terms of Dé and Df". When
this is done, we find in local coordinates for an analytic ® -

. — o (1 + ww)?

(D7)2® = —4 (utl) P(w)®, (C.5)

w
where we have defined the projective differential operator

1 = w
= — (D1)*+ 095 — — (DHY?. C.6
Pw) = 7 (D) +05 — 7 (DY) (C6)
It is worth pointing out that eq. (IC.]) also holds in the presence of a non-vanishing central
charge A. Using the analyticity of ® again, it is easy to show that
. -, (1 +ow)?
(D)o = (utl)t %D‘lfb + total derivatives, (C.7)
w
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with the D* operator defined by (6.14). The latter operator determines the projective
superspace measure, see eq. (b.1§). Finally making use of the identity

d2
(1 + ww)
one obtains (note |[u*|? = (1 +ww)™ 1)
—4) 7 (+4) _ 1 5 d?w 4 -
/dc( )LR,E (Z,’U,) = ;/d x/mD LR76(Z,’LU,’LU)H . (Cg)
Representing here
bty
1+ww)2 w *(1+wd)
and integrating by parts, one can then show
fim lim [ dcCD LD (2 0) = —— / &Sz f{ W pirs w)H . (C.10)
R—o0 €—0 Re ’ 27i w ’

This is exactly the projective action.
The formalism developed in this appendix can be applied to obtain a nice representa-
tion for the supersymmetric action (B.13) which is equivalent to

S = i/d%/du (D)2t

Representing L*F = iu™tu™2 L(z,w) and using eq. (C.5), we obtain

( , DrLtt =0, DYfL*t=0. (C11)

S = /d%/du?(w)L(z,w)H . (C.12)
Finally, making use of ([.q) gives
1 dw [ 1 =
S=— /d%]f v [—DZ - wDQ] L(z,w)H . (C.13)
8mi w | w
As an example of the usefulness of such a form, we can consider the super Yang-Mills

Lagrangian (B.1§). A trivial contour integration in (C.13) then immediately reproduces
the action for this theory in reduced superspace (p.11)).
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